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Law vere state spaces for thermodynamics should
be certain metric like enriched categories

entropic spaces
Baez Lynch Moeller state spaces and entropy

should be convex spaces concave mapsto Erin

GOAL Synthesise these to get a category of
convex entropic spaces concave maps

Inspiration Fritz Perrone approach to convexity

monad on metric spaces
Also Mardare Panangader Plotkin






























I CONVEXITY MONADS



C Set Set monad

X Ekiti die 0,13 Exit Kick new
E
formal symbol

Convexitymonad distribution monad

finitely supported measures monad 12

Algebras toffees 4
ax X

I'd.tk tsILixi Idk
Algebramap f X y

flexi Exiflori convex linear maps



Rational convexity monad

Ca Set Set submonad

Ca X Ekiti die to InQ Exist Kick new

If ceca x then c I'sci for some N

eykxitktxittzsj ktx.az't's't's

This has a more discrete feel
2



I ENRICHED CATEGORIES



We will enrich over a commutativequanta le
aka co complete skeletal closedsym monoidal thin category

concentrate on It 0,6 3 t o

convey
Also of interest I Ex to 7 t O analyst

RO E A to s o entropic
spaces

Truth T F t T preorders

It category X Xia b Eto x Ha be X

Xlab X b c Xlab ta b c EX

O X a a Ya EX

Lawvere metric space versus classical metric space
Not necessarily symmetric cen have a value



Get a category of metric spaces

RI cat

morphisms short maps distance non increasing

Examples i IRI is an Rt category IRIla bl b a

Max b a o

Gi M classical metric space Sm compactsubsets of M

5mA B sp int Mla b

Sm AB O E A EB B

Iii 4,2 IRI cats then Y 2 short maps 4 23 Z

LY Z fig Syfy
2 fly 9191



I CONVEX METRIC SPACES



Want a monad
C Rt cat RT cat X t Ctx

But what metric on C x
X

Can consider I'dixie x as a finite measure
ie a function on function

Lira H f to Exif ki shgatp

X X IRI RI mapof sets

Get metric
CPD Iasi ERBe gyp

I Pitti Fdi fail

and whence a monad

CD IRI cut It cat
DD DoubleDual

T



There's anotherway to define a metric

Think ofoptimal transport ofgoods
CORI'sXi I pit int EyAiX king Ai je to 1

E Ai hi EAi P

Aig is amount of goods King
Aij X ai

a cost of transportation

cot is the minimum cost of transportation

co IRI cat It cat

aka Wasserstein or kantorovich Rubinstein metric



We have
CODA COT X

it

X is classical
X is symmetric
Xla b X b a

Ikartorovich duality CallumReader

I
X has finite distances

Xca b x 7 Likely in general

Me I think



Convex metric space is an algebra for C
le metric space and convex space with

compatibility
Can characterize this for

CF IRI cat It cat

compatibility is

Ex X Ki Ki 3 X E ai ki Ed X

Cia is simpler to handle as purely combinatorial

Fritz Perrone use this to characterize convexity

for complete classical metric spaces



I 2 MONAD CONCAVE MAPS



Every enriched category has an underlying category

Every IRI enriched category has an underlying preorder

a b E Xla b O

Egli IRI ahab asb

ii Sm AgmB E ASB
compactsubsets of m

iii Y Z FENG Fly Gly Fye't

iv X discrete X aib 8
as b ab

X classical



Convexity monad gives an enriched monad
CPD RI CAI IRI EAT Rt cat enriched

This is because
x y ICH CHD

is short

Get a 2 monad

CPD RI CAT IT At
Ob metric spaces
Mor short maps
2 Mor 3

Strict algebras convex metric spaces c x x

Lax algebramaps X y c x x

Carty Y
ie Z'Lif ki By f E'd ki

convex maps




